
• Twins: Neighbors with the same neighborhood

• Twins form equivalence classes

• Observation: Vertices in different classes have different signatures

• Observation: At most 2k unique signatures possible

Reduction rule 1: If more than 2k classes => G is a NO instance

• Two kinds of twins: 

• Identical twins: Twins that must have identical signatures

• Fraternal twins: Twins that may not have identical signatures
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It’s NP-Hard! What now?

Putting Parameterization 
into Practice

• Many problems are NP-Hard

• Fixed Parameter Tractability (FPT): Some NP-Hard problems can be solved in f(k)nO(1) for 
parameter k
• Example: Vertex Cover parameterized by solution size (k) can be solved in O(n2k)

• If k is small, problem may be tractable in practice even for large graphs

• Can we recognize good parameters for applied problems and give FPT algorithms for them?

Genes that act together
• Interaction between proteins and genes represented as 

graphs

• Edge weights represent strength of pairwise correlation

• Knowing which groups (modules) of genes consistently co-
act is critical in understanding disease mechanisms and in 
developing new therapies.

• Gene module discovery modeled as Edge Weighted Clique 
Decomposition (EWCD):

Story so far
• cricca: uses kernelization to obtain a smaller, equivalent graph G’ 

• Runs a clique decomposition algorithm on G’. Determines a signature 
(binary vector of length k) for each vertex.

• Converts a clique decomposition of G’ into a clique decomposition of G

Kernelization

• Applies reduction rules to prune vertices

• Guarantees that G’ is a YES instance iff G is a YES instance 

Some coffee to speed things up
• Observation: If G is a YES instance, then there exists a solution in which vertices in 

every class have either unique signatures or identical signatures.

• Theorem: Any class larger than k vertices must be identical 

• Uses a heavy hammer from combinatorial design theory called Fisher’s inequality

Reduction rule 2 applies to every class that has more than k vertices

• At most 2k  classes, each with at most k vertices. DeCAF kernel size: k2k

• Exponential reduction in kernel size compared to cricca! 

• Smaller kernel + smarter search space exploration = DeCAF

Small step for kernel size, giant leap for running time!

• nC: number of vertices in kernel 
obtained using cricca  

• nD: number of vertices in kernel 
obtained using DeCAF 

• n: number of vertices in G

• 80% reduction in kernel size

• Larger reduction for larger k

• Downstream decomposition 
algorithm gets a smaller graph

• Exponential reduction in 
running time of decomposition 
algorithm

What is that noise?
Optimization version of EWCD:

• Graphs often noisy (especially biological graphs)

• Clique weights may not add up exactly to the 
edge weights

• Can we efficiently find a decomposition such that 
the discrepancy is minimized?

Lossy kernels

• Often, we do not care about exact solution. 
Approximation is enough.

• Some problems do not admit an exact kernel

• What if we allow controlled noise in the kernel 
for such problems to give a kernel with 
approximation guarantees?
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Figure 1: A bipartite graph (left) of genes g
1

, . . . g
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and modules (top, labelled with strength of expression) gives
rise to a gene-gene interaction network (right) with edges weighted by the sum of the strengths of all modules
that contain both endpoints (indicated by color coding).

The appendices for this paper may be found in the
full version, available at http://arxiv.org/abs/2106.
00657. Appendices A, B, C, and G provide algo-
rithm details, correctness proofs, and runtime analysis.
Appendix D provides details on data generation, Ap-
pendix E contains supplemental experimental results,
and NP-hardness of our primary problem (EWCD) is
proven in Appendix F.

2 Motivating Biological Problem

Complex human traits and diseases are caused by an
intricated molecular machinery that interacts with en-
vironmental factors. For example, although asthma has
some common features such as wheeze and shortness of
breath, research suggests that this highly heterogeneous
disease is comprised of several conditions [38], such as
childhood-onset asthma and adult-onset asthma, which
present di↵erent prognosis and response to treatment,
and also di↵er in their genetic risk factors [31]. Genome-
wide association studies (GWAS) are designed to im-
prove our understanding of how genetic variation leads
to phenotype by detecting genetic variants correlated
with disease. GWAS have prioritized causal molecular
mechanisms that, when disturbed, confer disease sus-
ceptibility, and these findings were later translated to
new treatments [36]. Drug targets backed by the sup-
port of genetic associations are more likely to succeed
through the process of clinical development [30]. How-
ever, understanding the influence of genetic variation
on disease pathophysiology towards the development of
e↵ective therapeutics is complex. GWAS often reveal
variants with small e↵ect sizes that do not account for
much of the risk of a disease [32]. On the one hand,
widespread gene pleiotropy (a gene a↵ecting several un-
related phenotypes) and polygenic traits (a single trait
a↵ected by several genes) reveal the highly intercon-
nected nature of biomolecular networks [26, 7].

Instead of looking at single gene-disease associa-

tions, methods that consider groups of genes that are
functionally related (i.e., that belong to the same path-
ways) can be more robust to identify putative mecha-
nisms that influence disease, and also provide alterna-
tive treatment avenues when directly associated genes
are not druggable [23, 11]. Large gene expression com-
pendia such as recount2 [5] or ARCHS4 [20] provide uni-
fied resources with publicly available RNA-seq data on
tens of thousands of samples. Leveraging this massive
amount of data, unsupervised network-based learning
approaches [22, 33, 10] can detect meaningful gene co-
expression patterns: sets of genes whose expression is
consistently modulated across the same tissues or cell
types. However, this is particularly challenging because
the observed data is an aggregated and noisy projec-
tion of a highly complex transcriptional machinery: co-
expressed genes can be controlled by the same regula-
tory program or module, but single genes can also play
di↵erent roles in di↵erent modules expressed in distinct
tissues or cell di↵erentiation stages [2, 37]. For exam-
ple, Marfan syndrome (MFS) is a rare genetic disor-
der caused by a mutation in gene FBN1, which encodes
a protein that forms elastic and nonelastic connective
tissue [29]. However, MFS is characterized by abnor-
malities in bones, joints, eyes, heart, and blood ves-
sels, suggesting that FBN1 is implicated in indepen-
dent pathways across di↵erent tissues or cell types. In
other words, the membership of genes in modules and
the relative strength of e↵ect a module has on the co-
expression of its constituents are not directly observable
from gene expression data.

3 Problem Modeling

We begin by observing that gene-module membership
is naturally represented by a bipartite graph B, where
each gene has an edge to all modules it participates
in. Further, in order to capture the notion of varied
e↵ect-strength among modules, we associate a non-
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Gene-gene interaction network with edges 
weighted by the sum of the strengths of all 
modules that contain both end-points 
(indicated by color coding).
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2n             vs        n2k

Which is better in practice?

Edge Weighted Clique Decomposition: Given a graph G with positive 
edge weights, is there a decomposition of G into at most k weighted 
cliques such that the weight of each edge = sum of weights of cliques 
that the edge participates in?

ith bit represents whether 
the vertex participates in 
the ith clique

Curious case of the twins

• Observation: If two vertices in a class are identical, then entire class must be identical

• Observation: For an identical class, suffices to keep one vertex and prune the rest

Reduction rule 2: Class with more than 2k vertices must be identical. Keep just one 
vertex and prune away the rest.

• At most 2k classes, at most 2k vertices in each class => cricca kernel size 4k

Vertices from a class pruned
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